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ORJICTIVES

ne purpese of this project is the study of stationary
potential distributicne between parallel plane electron and ion

emitting surflaces.

STMMARY 2 q % 7"

In view of the lmportance of charge exchange collisions

in certaln phenomena related to low pressure tilermionic cnergy convert

I
o

the moblility of positive lons subject to such collisions has

O

been reviewed., An expresslon due to Sheldoen for the charpe ex-
change mobility a¢ low electric flelds is considered basically

sound. However an z2quatlion for thw drift velocity at high

s

¢lzctric fizlds glven hy Sens has to be rejected becauss or his

underlying assumption that the ionz created start from rest, Dy

properly balancing the monentuﬂ trangfer in a chavge exchange
collision we have arrived at an inteyro differential equation

fer the ilon distribution function., VWork ig in oropress 4o =0

tils eguaticn in order to find an expression for Lhe chargs

4

cxechange mobility at high elzctric fields,

218



LHLHODUCTION

iIn an investigation of the

cesium plasma diode a thecretical expression

veloclity of ilons subject to charge

used,
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neueral cesium atom, He uses an approximation of the type

f) . -!\
Q =(A.»Dzne)'*v?‘/e"‘,(x~% < (2)

s

o]

1))
pr—

b

Assuming that 211 collisions are head-on he then calculates

an average cross sectlion for momentum transfer

<Q,} ....1‘..,.“.. r QZQ‘ e*E/kT d(—: (5)
(ep)” Y0 %

i

and obtalns a drift velocity

e _4

Ty L2 /;T'ﬁ es ‘ ¢
<V%ﬁ 8 10 \h> (#)
We note that in deriving eq. (4) it is inherently assumed that
the drift velccity is much smalier than the mean directed
thermal veloelty that is <v,> << (SRT/%m)l/Z or by eq. (%)
16.21/2 o

B OO e >> B (5)
c 3o eh+

=

where K+ = 1/'nO <Q» 1s the ion mean free path. There 1s no
real dlscrepancy betusen eq., {1) and eq. (%) because Senals
expression is supposedly valid for lavge electric fieslds while

Sheldon's expression applies for low electric fields. 1t is

no wender that the charge cexchange cross sectlilonsobtained from

e

mobility measurements vary widely depending on whether the



condition @c << i@ or 2, >> & has been malntalned erperimentaliy

94

7

and whether the proper eq., (1) or eq. 4) respeciively has been
p i / y

used to compute <Q>,

When applying the concept of charpge exchange mobility to

]

n

230

[

{
¢

= Cesium diode condlton,eq. (5) is almost always

h)

the low pix
violated and sc Sena's formula (1) must be used There 1is,
however, considerable doubt that Sena's assumpiion iii), which
amounts to counting only head-cn colliisions, is still correct
in the high field limit., This was the motivation for an
investigation which shows that Senals formula eq. {1) is
indeed on very weak ground. Work in progresg to correct this

situation is ocutlinzd helow,

B. THE KINATIC EQUATIONS FOR CHARGE &XCHANGE COLLISIONS

de attempt,to caleculate the charge exchange mobility of
positive ions in their own gas by dropping all of Sena's
restrictions but ii) and iv). DNeglect of the guantum

mechanical exchange energy allows us to treat & charge exchange

colilision 1like an @lastilec colilision with the only provision
being that the identity of the particlies have changed "after
collislon. To illustrate exactly what is meant under “change

of identlty" we show in Figs. & and 1lb a direct and an inverse
encounter batween an ion and a reutral atom which does not
lead to charge exchange, 1In Figs, 2a and 2b we show the same
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cneounter with charge exchange taking place, We shall use

- — -
the ccnventional symbols v, V and vf V' for corresponding

velocities of particles before znd after collision,
respectively, These velocities will not be labeled to

indicave their charge as it 18 sufficient to ildentify their
eiectrioal nature by a subscript "o" for neutrals and "+"

for icns to the dilstribution function in which they appear

ags argument, With this conventilon the Boltzmann equation for

the lon disteributlion function is written in the form

i

& ) -

—

# [[ o, 00 18 - e (FOF (91 (3)F (N} ana¥

w [ o N - Ve (9im (3) - £ (9P (1} ara?

(6)

where

d¢ = sin vd=dg@ {73
is the solid angle element of the scattering sphere and
b-l'i- e abql.‘\
s} ( v ) = e “:lf;k‘._.__,_._,_ { ._».—_S.i_,i <8 \;
Tk . A Bl =21 4
+h 2 sin v v - V|
is the differentlal scattering cvoss ssction as defined by the
5 ) 1 e

. Motz vhalt the first lntegral balances
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L"V

ic neutral atom-lon

cond eLal

%]
u

ion-1lon collisions, the
coliisions and the last charge-exchange collisons betwsen
neutral atoms and lons. HNote the important fact that the
velocities
Integral are interchanged as compared with the Znd integral,
This 18 iIn fact the mathswmatical expression for the "change
in identity" due to the charge exchsnge coilision described
above and shown in Plg., 2b, We cannot over-emphasize the fact

that charge exchange appzars only in the nalance of inverse

collislonas!

1]

We shall now take care of Sena's condition ii) assuming
that the bulk ¢f the neuiral atoms is cold. Thus restricting
ourselves to the case of large applied electric field (compare

eq. 5) we use the Ansaiz

Sy
s
\O
S’

.
where 8(V) is & Divac delta funciion repve genting the bulk

]
of the neutral atoms aw FoiV) 1z a2 small contribution dues to
"fagt" neutral atomz. We also assume thal the gas is only
- H > 4] 3 1 4o ral .’—‘ " . Tia o - K
weakly lonlzed such that £ {v) is swall and products like
-~ — !
£ iV}f+(v} czan be naglectad, With this provision aiso the lon-

o

ion Interacticn can be neglerted o, = 0 znd to foous our

attention to th2 charge exchanpe mechanlsm we slso disScard the
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elaztic collisions between neutral atomws and ions Ceg = 0o

dlth tbhese agssumpticns and eq. {6) we linearize the

dee (T o |F10(T)n (o, tv) 17 - 7]

where ~

Q = j ox(v) an (11)

is the total collision cross section for charge transfer as

then is the

I“"
v.-a

given for example by eq, (2), Th cinetic
equation describing the charge exchange effect at large

electric fields.

0

C. CRANSEFORMATION OF THE COLLISTON INTEGRAL

To make efficient use of the Dirac &-Tunction in the
{10) we would like to integrate with respect
Lo v' instead of V. The Jacobian involved in this transformatiocn

e

¥, @ and was found %o be

<)

has to be evaluated at constan:

'd
- - PRt
‘, v ' 3 SLnQ/T

i Y RS, A (32)
Yy
;35'13 v. o i; - v! 2 inﬁ“cos(n ~p) '

a 4 o X =
where J&x ®., ana'iéw are pelay angles of v - ¥V and v ~ v'! with

3
0n

Py
()

ey

spect to a direction e fixed in space which we shall later
ldentify with the direction of the eleciric field vacior
Considerable time has gone into checking and double checking

this Juocobian bacause f11is ) has chtained a Jacobian under

6) EJJQP Al_l;E)f ‘ilk' 10N OI. .,-.(.A 5
3 3

; Article in
a.a of Phyzics” Spri

Berlin,
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zimllar conditions but missing the trigonometrical factor
given in eq. {12). The consscuences of his error will be
dealt with in a separate publication,

Introducing eq. (11) into eq., {9) we fing

~ LY -
4 el e O 3y 3V
gt £.0v) + n R [Fle(Vi=n ] o (W)U, (¥ )1 2V L an
B3V v, v, @ vi=0

(13)
We note that dwe to the westricticn v' = 0 arising from the
Dirac delta function in integral eq. (10) the velocities ¥t and V
glven v, are no longer independent but functions of v and &,
From the laws of Conservation of Momentum and dnergy in an
2lastic ecollislon, subject to the condition vV = O; we get

a reliation betusen the velocity vectors which is shown in Fic,

-

i

From Tils graph we find immediately that

—t e
sin . n% Xl a4y s oL B NAE sige [ 5%
z =, i 5 : N
1oV a; v IVrl o cous v/2

and th s - can choose to integrate eq., (13} with raspect to

133, ¢ N i - v 3 1 - L [V I TR
iVt instead of v. We also vwould Lile fo change the variable
o U -y (’ - L (; 1 o = Ia '—’; !

; il "he variaticn of & with M when v, V¥ = O, |V
3 to v, he { . !

(O]

glven by



- & -
n
I s s ’ln ~
RPN sinyhcosk@r ~n)
a ]

L. S {15}

R sin?%r sin B cos v/2

-t —p
where £ 1s the angle between the vectors e x V! and

e *
v X V' respectively.

Collecting equations (7), (12}, {14) and {15) we find

v _ b gliladh
3V l

-\-;S.v’p';—{;g = 0 i 'l cos v/2 8in 8

It 1s necessary to exprass B in terms of v, 2Pand qﬁ”

+3 vy * 3 hl 1 &
which again is done by means of sphevical trigonometry.
. o i / e 2 4 2 ‘ )
sin B = e fcos” o - coas/* - cos zﬁf + 2 sinzﬁsinzﬁ* sin £
Sifi@b7COS v /2 . P

By introducing equztions (14), {16) and {17) into equation {135

we obtain

0K i
hn s {v, |V () D TR TP (28)
o rr kpx\\/,!-\‘l)f_{‘l‘“, siny/nda (Vi lglie |
I AN T Y 2
- ,!LJ + 2?%«% sinzﬂsinzﬁfucos%"~cosﬁﬁg‘
¥ {‘\7'5 Fy b

See Appendix B
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V. THE CHARACTIRISTICS OF TH! DIFFIRSHNTIAL OPZRATOR Q. (18)

In a homogeneous neutral plasma and under stationary

conditions w2 have simply

d s 3y €T, Loy e . 2
at f+(\‘) = i‘ﬁ' ~ - 1_{,(“’) = :‘T—i - (19)
SV 3y :
It 1s convenient to introduce in eq. (19) spherical

coordinates in velocity space 30 that eq. (18) bzcomes under

i t") :i - ": ! Ead 2 G ~ ﬂ)
i v . ; &
- X-‘ + 2 L simf'sm 'z/a" - cos8®Y - cos®
N ‘ '{j’v‘ A
{2,‘,
where fthe linear differential operator
, . A mn 2 -
- ~» 49 2} 3 Yoy g
L = {vlicosy s — -+ sin V' + eg ivi (21)
51v] 3cos2? -
hag been introduced. Using the variable
i I . . _‘}“l,'_ (22)
(Vi o= X angd cocs = v Z
the characteristic eguations of the differential operator
LIT} can be uwritten by means of an arbitrary parameter o
mn_Q
ax ay 2 af ; 2 PRSI
22 =g Y = 1 - Lo s e s X 27
ds = 3 y ds e £ ve2)
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i linza zrential sguaticns can be solved

vy eleamntary mzans giving the characteristics

»
i

x,lcosh(s) + ¥, sinh{s)1 (2%)

+ tanh(s)

Y, tanhis)

Nete that for s = O wie obtain o “aaitial wvaluss®

X=X ¥ =Y, f = fo. Dy prescriblng the initilal valu=zs
in the form

Ko = % (E) vy =y {t) =1

where t  is-a suitable paraneter we may introduce =2q. (27)
into the characteristic equations {24), (25) and {20} snd 2liminste
S,t to obtain the genoral solution £{x,y) of the lin:ar

*

differential equation

L{f(¥)} =0 (28)

~mn Q . - - -
c 4 1+
7@.??.‘. Kd[y j C{lgyz) - (1_:‘,‘- ) “n ;.::._“.:g: 1 N
£ = fo o et N (2(:)}



1
N

=
”»
{
1
0]
(@]
i
M

e an arbitrary constant,

Actually we are not very much lnterested in solutions
of the homogeneousegquation {28) but we hcpe that by means
of the characteristics eqs. (2%), (25) and {26) we can
trensform the differential operator (21) into an integral
operator. In this way we try to transform che intepgro
differential equation (20) into a pure integral equation

which we hope to solve, if necessary, by mumerical wmethods.

If we take Sena's condition iii) sericusly each ion
created will start from rest and wmove parallel te the
electric fizld until it collides again head-on with a neutral
atom, This amounts to replacing the "generation term", that is

Y

che intepral over thz inver

Y

¢ collisions in eq. {(20) by a

(%)
¢

Pirec-d function 8(Vv) and allowing only for positive velocities
paralle ' to the electric field. In this case w2 have from

egs. (18) and {19)

5 mnOQX
(v, | * v, £,{v ) =0, 1w, >0 {30)
+4 Y o (F I A | i )
3V
it
The scivtion of this equation is
mn Q )
?o X 2
LeTT Yu
f'{v \’:n = e i foxn
RO il i A.J = V,g > 0 ‘D_},



12

Ty

A

iy

from wWh the drift

,..,
e

veloeity o0 the

posit

Ul

found to

be
mmnoQ >
- — Y
el 1t
% e dv
e - ‘ l il
“V T = 0] {2721
SIS PN y B N
o RN 2
i o ‘feid q av
§
0 i
Comparing this with Szna's couation (1) we find agresment
apart from a numerical factor of order unity. The disagree-
ment of the numerical factor must not be takan to. seriously

q

2na’ ormmila cerivaed by

Was

o

dimensional

(3

valocities.

.
is.

analys

(1) and (32) arises by consildering the effect

-

can be lumped into a Dirae b-Ffunction 6{v)

ead.

L

-

everyuwhere 2 t for v

lictle mo

of

e than

serious cobjection to both equations

transverss

Assuming with Sena that the "genevation term"

(28)

axeent = O and the same holds Tor thne soluiticon
eq. {29). By substitubting ca. (22) into eq. {29) and taking
C = O we {ind that

~mn QL o }, . 4 . 2/”’ ™)

00 Iiedcosd  sin Anf cote & 7

£ =15, e 58 o {33)

vinien fow @%: 0 agrees exachbly with 2q. (31). It is not
chvilcus why we should avarare aq. { 3%} only over posibive
vailocdibles as 1t was deone In @0 (521 to obta the arift



4

veloclty. If Instead we try to average {33) over all
velocities we are in zerious trouble because the discribution
£y 4 s "7"' % . &re ;lf)l ’) / [a] [a Y i F"’ - )
funeticon eq. (23) blows up for P! > 7/2 as shown in Fig. 4,
From this flgure we see that we get even more ions moving
against The electrie field than moving in its dirvection.

-

This do2s not ma

5

¢ senze physically and to find the correct

3

dlstribution functlon we must solve the full interro differential
[

eguation (Z20) &s outline
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Appendix A: Tuoe Transicrmation V - v!

We wish to calculate the Jacobian oq. {(12) given in

e

et ©tie velocibles of two particles witi mass m, and

1
.. — = " —_ e d
LI before and after collision be v, V and v', V! respectively.
Since momsntum and enerpy are conserved in an elastic colllsion

t.ese velocibies can be written

in.
-3 - — — - - z .
V = v 4+ M.v ! = + M.y ! M, = semmf Al
v Vg 2°r v Vg MZ r 2 my o+, (A1)

—~* - oy - - 1 aa
=g o Y1 AVA o2 7 - 9 ) A TI eecammm e st
Vo= Myve / Ve ~ Myvy U =57 W (h2)
1 2
where

V, =MV + M7 =MV o+ M, ¥ (A3)

are ih relatlive velocities before and afcar impact respe

(@]
T
o
<
W
-t
<!

It folluws immedlately rrom (81) and (AZ) chat the ond

. e Do = = e
points of tne veccors v, V, v' V! and v in velocity space are
all in one and tne same plans the rovnal of which is in the
direction of ) o
V.. X V¥ i
- 1 l‘ PR
R (85}
tvox vt
} i



J1V4

| Tuat is all that can be deduced from the conservation 1aws.-
Given v and V ations (A3) and (A4) constitute unly four
equacions for the 31X components of V' and V' and 80 we nez2d two
more parvameters to spocify the lilsion completely. As such
1)

it is conventional

to specify the scactering angle v in the

canter of pravily system
- -
L2
T r :
COB ¥ = Tt (p0)
o |4
ivrl
and che corilencation of the plans of the relative motion, If
g x V
hd L
i o .
Q -":4 - (A{)
2 X ¥ |
r
L LI -} 2 pa g
15 tne normal of a plane throupgn the velative velocity v,
X
and a direction e fixed in space th2 angle o
-3 -~ e
cos P =p - @ (AC)
o - i . ) =3 2 : : .
18 used cvo measure the direction of p. Gilven ¢, this angle
O is determined from the inicial cenditions; 2... fTrom the
- ‘o = 3 . . o 1 I
relative position X - X and veloclty v - V of the tw. particles
belore sncountar {4 = -») ., The scattering angle v iz found
iy IT in addition the foree law of interacioion i3 spezcifi:d
and alter Newtonts sguations of the relavive metion nave been
inue;ratud!). By means of the angle ~  a velocity diagram

1) C‘f:ap;' an and

5
l\}bn Tﬁ L e »,,1"”1 fia
shapter 3, n.

7'7 £ oy
LG Cuwling or
it 1+ 3
ses”, Canbr idg
50 and lﬂaﬂu, i



sulving eas, (Al) and (A2) can be constiucted in tine plans of

Y

Lo relavive motion as shown in Flg., 5. The orientatlion of tids

<

plane Fip., 5 with respect to an axis {ixed in space is shown 1n
Flg. o,
With tuis reccllection of the laws of ¢lastic collisions

We are now ready to perform the transformation

(:}‘ ~ :
a¥ = 7OV Y g (AQ)
BV, v, 0

.
For constent v, v, @ we have

|

i

&
<Ji
ol
o~
3
:
<!
-
(_"l
Came N
<
1
<l
A
"-'a
i
<l o<l

'~ b

]

P

<

!

<

S’

¥
<Sli<d
T
<<}

.

<

A"

;6

wl @

ot oy —.Sj" » A g’ rm ; T . 7oA o bl + 2 . 2 T;g
viare 3o . and 25,0 ars polar anglesd of VvV, o= V- ana v=y
rfx : v

wicth respect to an axis @ fixed in space as shown ir Fig, o,

<t

Mhe £irst and last metrix in eg. (A10) arve transforwations to
Sspherical coordinates tne Jaccbian of whvich ape trivial., Witnh

ciese we £ing

AT p b =2 - H
= - T T3 ~V 2}” ] 1
av \;“‘V i 2 sin t T 3 DAV ? # Vons ‘-{7—‘.1'
v =i ST i e ‘ o ol (Ai L)
s I Vvl s || aie-diidie |l
{ v /AN S1n GV Ly 3
ViV, i 1 B V¥, 0
Toom the trlangle v, v D shown in Che velocity disgrem Fig., 5
I
we daduce that
p st ryon . 8 TR Y ) P ey
;vuvi = Z2M., sin -  juevi! (ALZ )



and from the spherical

,"/ ny .
cosv = cos v’ sin —~ + sin b
T Z

sintﬁsin(mr*m) = co8

Differentiacing eqgs

- [

we find

dl% = e Sinvg

@ , R G van z_/‘c'
sin?y? s8in — - cos v’ C e %
= ki 3 ) 1, O S 2 C S ,.)

&

jo
3
N

p = - tg(w, o) cotgl'ar’ + ax

118 transformation is

ir. O6 we obtain

? v - }
v, CO8 5—009 1]

i i
T, G, i ‘
E d{v-Vi, ]/'vv"'("-r‘ [ T_3r « kel
¥ _g_} vy Sin e
e S -
N~ = S . V-i? Z . ~ {
i Jjv-vri, V' » ‘q slnzf;51n 5 - con Z2els
Vv, ’

ft is convenient to eliminate the ilapacs paramoetare
N - .
cos ;=COSQ feom eq. {A13) the

ormula. Introducing

/1
5

-~

I

Troin

. (A12), (A13) and {A1l4) at constant v, v

Ramin

dencminator

\Ji

“his

et



- A5 -
of eq. (Al6) becomes

z} sin ;» - cosa/scosva’r
si in X - Ye = Al
n Vy8in = - cos J’rcos 5 o§ g o1n o (a17)

Also fromthe spherical triangle ADC in Fig. 6 we deduce

gin - = cosfcos Jr + sianinVi cos(cpr-cp) (A18)

N |

When substituting (A18), (Al17) and (A16) into (All) we obtain

3 sinzf;,

V‘ g8in ﬁcos(cpr-qo)
which is the Jacobian eq. (12) used in the text.

- (A19)
v

-
V-
-
V-

;,Y,ﬂ



Appendix B: The Transfoymation P o A

R

We wish to calculate the variation of the azimuthal
angle @ wilth thepolar angle o when 3, v/= 0 and v are held
fixed., In this case all velocilties are in one and the same
plane a8 shown in Fig. 5. The orientation of tuis plane with
respect o an axis e fixed in space is shown in Fig. 7. Let

1ﬁ' and ¥' be the pdar angles of V' then we have by the law of

cosines of the spherical triangleg in Pig. 7

- - / v

rom ABC cos ' = cosi'sin % + sin P cos 5 o8 Y (B1)

o 4 g.a v . & v

from ACD cos ¥, = cosi’sin 7 =~ sint/cos 5 cos ¥ (B2)
~ s . - ' s

adding both cos ﬁ' + coszﬁr = 2 gin 7y COS > (D3]

, [¢ Y .
froun ACD cos*ﬁé coa-v} 3in » + sin v

differentiating =q. (B3) and (D4} at constant v, ue have

\ 2. 5 L& ¢ L
sin #‘clﬁ“ +-51n43¢jy}_= ) (%)
(. V) i % 4. & . } Y s
sin ¥’ sin -+ - cos chos v  COS @)dz? +‘31n;ficosﬁsznnd: = 0
r Z r Z ’ i e ~
(ns)

. L 4
Sln'V&(Slﬂ - - cos ¥ cos?) o
g A " ~ - 4’ - e ~ EY bad "
f?%'\ s T e RRY
! - o ” /J '.‘/
@ P 31n9p: cos - 5in O
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Wz also wish to sliminate the angle @ from eq. (B7). By

mzans of the spherical triangles shown in Fig. 7 we have

Y 3 A .
from ACD sin - = COS'f} coszﬂ7 + 3in J231nzﬁ cos(mr—m)

5

from ADD sin f} gin @ = sin ¥’ sin B (B9)

Substituting these into eq. (BY) ws find

sin1%cos(mr~m)

- G o ‘ ‘ N
sin”. 8in c o8
v, inan, B i

which is equation (15) used in the text.
, o s R % 2
To express $ in terms of v, Yand ¥*' we use ones more

cie spherical triangle ABC shown in Fig. T:

cos¥ = cos M sin %-+ sinzﬁ' cos % cos B {(B11)}

from which sin B is calculated a3 used in ed. {17} of thc text
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Fig. 1la and 1b
Dirzct encounter and below inverse
enccunter without charge exchange
in the center of gravity system,
-
vg = C¢.g. velocity

6,.. =2lastic scatterring cross
" section

e
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Fig. 2a and 2b
Direct encounter and below
inverze encounter with charge
exchange 1n the center of
gravity system

-
V., =c.g. velocity
o
O, = charge exchange cross
section
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Velocities in an elastic collision subject to
the condition that one of the particles is at
reat "after" ccllision v' = O,

;r =V « V relative velocity before collision
i?r'z ¥ relative velocity after collision

¥= scatterring angle in the c.g. system
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Fig. 5:

‘\“MWM// ’

- Plane of relative motion 4,5

The points labeled v, V, v, Vi, v_ represent the end
points of the corresponding vectors 3, @, 33 Vi, v
in velocity sSpace,

¥ = scattering angle in the ¢,g. system
3P = V-7 relative velccity before collision
Vo= Vi relative velocity after collision
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Fig. 63 Orientation of the plane of relative motion (shaded)
with respect to an axis & fixed in space,

The velocity vectors v-v' and v-¥ are cut by a

unit sphere and coincide with those shown in Fig. 5.
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Oriecntation of the plane of relatlve motion (shaded)
with respeczt to an axis fixed in space , S8Subject to
the condition that one of the particles is at vest "aftep”
collisicn V' = O,

The velocities ?, V?y Gr are cut Dy a unit sphere
and colncide with those shown in Fig. 3.



